Abstract. This article relates dominant and codominant dimensions of modules to Gorenstein homological properties. We call a module Gorenstein projective-injective in case it is Gorenstein projective and Gorenstein injective. For gendo-symmetric algebras we find a characterisation of Gorenstein projectiveinjective modules in terms of dominant and codominant dimensions and find representation theoretic and homological properties of the category of Gorenstein projective-injective modules. In particular, we give a new construction of non-selfinjective algebras having Auslander-Reiten components consisting only of Gorenstein projective modules. We introduce the class of nearly Gorenstein algebras, where the Gorenstein projective-injective modules have especially nice properties in case the algebra is gendo-symmetric. We also show that the Nakayama conjecture holds for nearly Gorenstein algebras.
Introduction
We assume always that our algebras are finite dimensional, connected and non-semisimple over a field K. While the dominant dimension of an algebra is a well known concept (see for example [ARS] VI.5.), dominant dimensions of modules are rarely studied. In this paper we relate dominant dimensions of modules with properties from Gorenstein homological algebra. We establish new features of Gorenstein homological algebra for gendo-symmetric algebras, which are defined as endomorphism rings of generators over a symmetric algebra, see [FanKoe] . This class of algebras includes all symmetric algebras but also algebras like the Schur algebras S(n, r) for n ≥ r or blocks of category O. We call a module Gorenstein projective-injective, in case it is Gorenstein projective and Gorenstein injective. Our main result is the following: Theorem A. (see 4.4 and 4.5) Let A be a gendo-symmetric algebra. Then a module M is Gorenstein projective-injective iff M has infinite dominant and infinite codominant dimension. In case an Auslander-Reiten component of A contains a nonprojective Gorenstein projective-injective module, then this component consists only of Gorenstein projective-injective modules.
We define the finitistic dominant dimension of an algebra as the supremum over all dominant dimensions of modules having finite dominant dimension. We call an algebra A nearly Gorenstein in case the set of modules M with Ext i (M, A) = 0 for all i > 0 coincides with the set of Gorenstein projective modules and additionally the same condition holds for the opposite algebra of A. For example all Gorenstein algebras and all representation-finite algebras are nearly Gorenstein as we will explain in 3.2 and 3.5. A first example of a non-nearly Gorenstein algebra appeared in [JS] , about 40 years after the pioneering work in [AB] . No example of a gendo-symmetric algebra, which is not nearly Gorenstein seems to be known at the moment, having asked some experts (see the end of the paper in section 5, why this is a hard and important question related to the Nakayama conjecture). With those notions our second main result is as follows:
Theorem B. (see 4.7) Let A be a nonselfinjective gendo-symmetric algebra, which additionally is nearly Gorenstein. Then a module is Gorenstein projective-injective iff it has infinite dominant dimension. In case A is additionally CM-finite and Gorenstein with Gorenstein dimension g, the finitistic dominant dimension of A is bounded by g + 1.
We will show that the bound g + 1 is really obtained and thus optimal. The second section includes the preliminaries. One of our main tools will be Theorem 2.2, which is a special case of results in [APT] . In the third section, we define nearly Gorenstein algebras and show that many classes of algebras are nearly Gorenstein. The next topic in this chapter are the Gorenstein dominant algebras, which always have dominant dimension at least 1 and additionally the non-projective Gorenstein projective modules have dominant dimension at least two. The motivation comes from the fact, that for a Gorenstein dominant algebra A one can try to characterise the Gorenstein projective modules in terms of some special modules in the module category of eAe, where eA is a minimal faithful projective-injective module. All algebras with dominant dimension at least 2 are Gorenstein dominant algebras. We collect here some smaller results of section 3 and 4 worth mentioning:
• Nearly Gorenstein algebras satisfy the Nakayama conjecture, see 3.7.
• We give a new formula for the representation dimension, see 3.13.
• We give a very short proof of Iyama's higher Auslander correspondence for finite dimensional algebras, see 3.15.
• We show that every Nakayama algebra is Gorenstein dominant, see 3.16.
• We generalize the classical formula Ω 2 (M ) ∼ = τ (M ) for symmetric algebras to the gendosymmetric situation, see 4.3. Section 4 contains our main results, where we will always deal with gendo-symmetric algebras and we find a close connection between Gorenstein homological properties and dominant and codominant dimensions. We will see that the Gorenstein projective-injective modules coincide with modules of infinite dominant and codominant dimension. The nonprojective Gorenstein projective-injective modules form components of the Auslander-Reiten quiver of the algebra, and those modules behave much as modules over a symmetric algebra. We also introduce the finitistic dominant dimension of an arbitrary algebra. Surprisingly, the finitistic dominant dimension of a CM-finite gendo-symmetric g-Gorenstein algebra is bounded by g+1 and this bound is optimal. In forthcoming work [ChMar2] we show that for gendosymmetric Nakayama algebras the finitistic dominant dimension always equals the Gorenstein dimension and calculate the finitistic dominant dimension for general representation-finite, gendo-symmetric biserial algebras, which has surprising relations to number theory.
I thank Steffen Koenig for useful comments and proof reading and Ragnar-Olaf Buchweitz for telling me about the results in [JS] .
2. Preliminaries 2.1. General preliminaries. We start by fixing some notations and giving definitions. For the standard notations on Auslander-Reiten theory we refer to [SkoYam] . Let an algebra always be a finite dimensional, connected and non-semisimple algebra over a field K and a module over such an algebra is always a finite dimensional right module, unless otherwise stated. D = Hom K (−, K) denotes the duality for a given finite dimensional algebra A. We define the dominant dimension domdim(M ) of a module M with a minimal injective resolution (I i ) : 0 → M → I 0 → I 1 → ... as: domdim(M ):=sup{n|I i is projective for i = 0, 1, ..., n}+1, if I 0 is projective, and domdim(M ):=0, if I 0 is not projective. The codominant dimension of a module M is defined as the dominant dimension of the dual module D(M ). The dominant dimension of a finite dimensional algebra is defined as the dominant dimension of the regular module A A and the codominant dimension is the codominant dimension of the module D( A A). In the following we always assume that A is a finite dimensional algebra with dominant dimension larger than or equal to 1. It is well known that A has dominant dimension larger than or equal to 1 iff there exists an idempotent such that eA is a minimal faithful projective-injective right module iff there exists and idempotent f such that Af is a minimal faithful projective-injective left module, see [Yam] . Note that the dominant dimension of A A is always equal to the dominant dimension of A A and thus the dominant dimension always equals the codominant dimension (see [Yam] ). Parts of the theory could also be interesting for algebras with dominant dimension 0, but we stick to dominant dimension larger than or equal to 1, since we know no interesting applications for algebras with dominant dimension 0. eA always denotes the minimal faithful injective-projective right A-module and Af denotes the minimal faithful injective-projective left A-module for some idempotents e and f .
For 1 ≤ i ≤ ∞ Dom i (A) (resp. Codom i (A)) denotes the full subcategory of mod-A constisting of modules with dominant dimension (resp. codominant dimension) larger than or equal to i. We often use the notation Dom(A) := Dom ∞ (A) and Codom(A) := Codom ∞ (A). Let proj(A) denote the full subcategory of finitely generated projective modules and inj(A) the subcategory of finitely generated injective modules. We often just write proj, Dom, ... for proj(A), Dom(A), ... if it is clear over which algebra we work. An algebra A is called g-Gorenstein for a natural number g, in case the left and right injective dimensions of A coincide and are equal to g. We call A Gorenstein, if A is g-Gorenstein for some g. In this case Gordim(A) := injdim(A) is called the Gorenstein dimension of A. ν A = ν = DHom A (−, A) denotes the Nakayama functor and ν −1 = Hom(D(−), A) its inverse. For section 2 and 3 of this article, fix the notations I := eA, P := ν −1 A (eA) = Hom A (D(eA), A), B 1 := End A (I) and B 2 := End A (P ). We note that B 1 and B 2 are isomorphic, in case the dominant dimension of A is at least two, see for example [Yam] , after theorem 3.4.1. there. As an A-right module P is isomorphic to f A. We call a module W l-periodic for a natural number l ≥ 1, in case Ω l (W ) ∼ = W . For i ≥ 1, define the set of i-torsionless modules as {X|Ext l (T r(X), A) = 0 for l = 1, ..., i}. Recall that 2-torsionless modules are exactly the reflexive modules. For n ∈ Z, denote by Ω n (mod − A) the full subcategory of all modules, which are n−th syzygy modules including all projective modules. Recall that A is called torsionless-finite, if Ω 1 (mod − A) is a representation-finite subcategory of mod−A. For an A-module M , add(M ) denotes the full subcategory of mod-A consisting of all direct summands of a finite direct sum of M . Then a map f :
is surjective for every N ∈ add(M ). Note that in case M is a generator, such an f must be surjective. When f is also a right minimal homomorphism, we call it a minimal right add(M )-approximation (or add(M )-Cover). Note that minimal right add(M )-approximations always exist for finite dimensional algebras. The kernel of such a minimal right add(M )-approximation f is denoted by Ω M (X). Inductively one defines Ω Definition 2.1. A is called a Morita algebra iff it has dominant dimension larger than or equal to 2 and D(Ae) ∼ = I as A-right modules (recall that I = eA). This is equivalent to A being isomorphic to End B (M ), where B is a selfinjective algebra and M a generator of mod-B (see [KerYam] ). A is called a gendo-symmetric algebra iff it has dominant dimension larger than or equal to 2 and D(Ae) ∼ = I as (eAe, A)−bimodules iff it has dominant dimension larger than or equal to 2 and D(eA) ∼ = Ae as (A, eAe)-bimodules. This is equivalent to A being isomorphic to End B (M ), where B is a symmetric algebra and M a generator of mod-B (see [FanKoe] ).
For other characterisations of gendo-symmetric algebras we refer to [FanKoe] and [Mar2] . Note that in case the algebra is gendo-symmetric, I = P and B 1 = B 2 . For a subcategory X of mod-A we define for 1 ≤ n ≤ ∞:
We often use the shorter notation X ⊥ := X ⊥∞ and ⊥ X := ⊥∞ X . In case X = add(X) for a module X we write X ⊥n instead of X ⊥n and similar for the other notations involving X . Recall (see [Iya3] ) that a subcategory of the form add(M ) (or the module M ) is called maximal (n − 1) orthogonal, in case add(M ) = M ⊥(n−1) = ⊥(n−1) M holds. Note that in case M is a generator-cogenerator this is equivalent to the single conditions add(M ) = M ⊥(n−1) or add(M ) = ⊥(n−1) M . The following theorem collects results from [APT] in a special case.
Theorem 2.2.
(1) The functors F 1 := Hom A (I, −) : Codom 2 → mod−B 1 and F 2 := Hom A (P, −) : Dom 2 → mod − B 2 are equivalences of categories. F 1 restricts to an equivalence between add(I) and the category of projective B 1 -modules and F 2 restricts to an equivalence between add(I) and the category of injective B 2 -modules. (2) There are natural isomorphisms of functors:
In case A is gendo-symmetric the following holds true: F 2 ∼ = (−)e and (−)e ∼ = F 1 .
(3) The Functor G 1 := (−) ⊗ B1 I : mod − B 1 → Codom 2 is inverse to F 1 and the functor G 2 := Hom B2 (P, −) : mod − B 2 → Dom 2 is inverse to F 2 . (4) For i ≥ 3, F 1 restricts to an equivalence F 1 : Codom i → ⊥i−2 (Ae) and F 2 restricts to an equivalence F 2 : Dom i → (Af ) ⊥i−2 .
Proof.
(1) This is a special case of Lemma 3.1. of [APT] . (2) By [SkoYam] Chapter III. Lemma 6.1., there is the following natural isomorphism of functors:
This follows from [APT] , in the passages before Proposition 3.9. and before Proposition 3.10. (4) This follows from Proposition 3.7. in [APT] .
One can use (4) of the previous theorem to calculate dominant dimensions via Ext. This was first noticed by Mueller, see [Mue] . We sometimes refer to this as Mueller's theorem.
In [Mar] , we proved that the finitistic dominant dimension of a Nakayama algebra with n simple modules is bounded by 2n − 2.
(1) See [MarVil] proposition 4. (2) Combine proposition 1.6 of [AR] and part (1) of this lemma.
The following Lemma is proven in Direction 1 of [Rin2] . Theorem 2.6. Let A be an algebra and let X, Y be A-modules with dominant dimension at least 1. For all n with 0
The following result is proposition 3.11. from [CheKoe] :
Theorem 2.7. Let A be a finite dimensional algebra and M a nonprojective generator and cogenerator of mod-A and define B := End A (M ). Let B have dominant dimension z + 2, with z ≥ 0. Then, for the right injective dimension of B the following holds:
For the left injective dimension of B the following holds:
Here we use the notations τ z+1 = τ Ω z and τ −(z+1) = τ −1 Ω −z , introduced by Iyama (see [Iya] ).
Proposition 2.8. Let B be a symmetic algebra and M, N two B-modules.
(1) For the Auslander-Reiten translate τ , the following holds:
(1) see [SkoYam] , Chapter IV Corollary 8.6. (2) see [SkoYam] , Chapter IV Theorem 9.9. (3) Those are the Auslander-Reiten formulas in the special case of a symmetric algebra, see [SkoYam] Chapter III. Theorem 6.3. (4) This follows from the previous part using that Ω is an equivalence of the stable module category of B with inverse Ω −1 :
We also need the following well known lemma, which can be found in [Ben] as Corollary 2.5.4.:
Lemma 2.9. Let A be a finite dimensional algebra and N be an indecomposable A-module and S a simple A-module. Let (P i ) be the terms of a minimal projective resolution of N and (I i ) the terms of a minimal injective resolution of N .
(
2.2. Gorenstein-projective and Gorenstein-injective modules. For the neccessary background on notions from Gorenstein homological algebra, we refer to [Che] and [AB] .
If M is Gorenstein projective and Gorenstein injective, we call M Gorenstein projective-injective. We refer to [Che] and [AB] for many other characterisations and properties of Gorenstein projective and Gorenstein injective modules. For a finite dimensional algebra A, we denote by Gp(A) the category of finite dimensional Gorenstein projective modules and we denote by RGp(A) the category of finite dimensional Gorenstein projective modules without a projective summand. We denote by Gi(A) the category of finite dimensional Gorenstein injective modules and RGi(A) denotes the category of finite dimensional Gorenstein injective modules without an injective summand. Gpi(A) is defined as the subcategory of finite dimensional Gorenstein projective-injective modules. A is called CM-finite in case Gp(A) is representation-finite and A is called CM-free in case Gp(A) = proj. Recall that a Gorenstein algebra is CM-free iff it has finite global dimension. Let A be a d-Gorenstein algebra and B := End A (M ), where M is Gorenstein projective and a generator of mod − A, then B is called a gendo-d-Gorenstein algebra, see [GaKo] .
Examples where the Gorenstein projective modules are easy to describe are CNakayama algebras. These are the Nakayama algebras with a cyclic quiver (Nakayama algebras with a noncyclic quiver have finite global dimension and therefore have no nontrivial Gorenstein-projective modules). We collect here some needed results on Nakayama algebras and refer to [ASS] Chapter 5 for the representation theory of Nakayama algebras. Let A be a basic and elementary (we always assume those two conditions in the following for CNakayama algebras) CNakayama algebra with n simple modules and with Kupisch series (c 0 , c 1 , ..., c n−1 ). We denote by l l (i) the dimension of the i-th injective indecomposable A-module D(Ae i ). We will always calculate modulo n for the indices of the quiver and number those indices from 0 to n − 1 (corresponding to the simple, indecomposable projective and indecomposable injective modules). The quiver of a CNakayama algebra looks as follows:
Recall that every Nakayama algebra has dominant dimension at least 1, see [Abr] . Denote by M = e i A/e i J k an arbitrary indecomposable module in A. We refer to [Mar] for the calculation of minimal projective or injective resolutions in Nakayama algebras. We quickly repeat the basics in the following. We get a minimal injective resolution of M as follows (with k = c i , if M is projective): We have soc(M )=S i+k−1 (the simple module corresponding to the point i+k−1). Therefore, the injective hull of M is D(Ae i+k−1 ) and thus
, by comparing dimensions and using that submodules form a chain. Defining g : Z/n → Z/n as g(x) := x − l l (x), the minimal injective resolution of M looks like this by repeating the above process:
We denote D(J y e x ) for short by [x, y] ∈ Z/n × N and then one has that
. Like this it is easy to calculate the cosyzygies successively.
We start to recall the necessary definitions from [Rin] .
Definition 2.11. Let A be a basic nonselfinjective CNakayama algebra. The resolution quiver of A is defined as the directed graph having as vertices the simple A-modules and an arrow from S 1 to S 2 iff S 2 = τ (soc(P (S 1 ))), where P (S) denotes the projective cover of a simple module S. A vertex is called black, in case the corresponding simple module S has projective dimension at least two. A vertex is called cyclically black, in case S lies on a cycle in the resolution quiver and all the vertices in that cycle are black. The Gorenstein core is defined as the full subcategory consisting of all nonprojective Gorenstein-projective modules and their projective covers. By definition, an indecomposable projective module or simple module has a property like being cyclically black in case the corresponding vertex has that property.
The following is one of the main results of [Rin] (see proposition 3 there):
Theorem 2.12. Let A be a basic nonselfinjective CNakayama algebra, then a nonprojective indecomposable A-module M is Gorenstein-projective iff top(M ) and top(Ω 1 (M )) are cyclically black iff in the projective presentation P 1 → P 0 → M → 0, the modules P 1 and P 0 are cyclically black.
The following two propositions can be found in [Che] as proposition 2.2.3. and theorem 2.3.3.: Proposition 2.13.
(1) A module M is Gorenstein-injective iff ν −1 (M ) is Gorenstein-projective and the natural morphism νν
There is an equivalence of categories: ν : Gp(A) → Gi(A) with quasi-inverse ν −1 .
Proposition 2.14. The following are equivalent:
In case A is Gorenstein, the Gorenstein projective modules coincide with the modules M with Ext i (M, A) = 0 for all i ≥ 1 and the Gorenstein injective modules coincide with the modules M with
Proposition 2.15.
(1) If a module satisfies M ∼ = Ω n (M ) for a natural number n ≥ 1 in the stable category and M ∈ ⊥ A, then M is Gorenstein projective. (2) A module M is Gorenstein projective iff τ (M ) is Gorenstein injective and a module N is Goren-
is indecomposable in the stable category.
(1) This is Proposition 2.2.17. in [Che] . (2) This is Proposition 2.2.13 in [Che] . (3) This is well-known, see for example [AB] . We remark that left nearly Gorenstein algebras are examined also in [Bel] (without naming them); there is given a characterisation in theorem 5.2. under the assumption that Gp(A) is contravariantly finite. While some of our results can also be deduced with methods from [Bel] , our proofs are more elementary.
Example 3.2. Every Gorenstein algebra is nearly Gorenstein by 2.14, hence the name. By [Mar] Lemma 1.2.3. and its dual, every Nakayama algebra is nearly Gorenstein. But not every Nakayama algebra is Gorenstein, take for example the CNakayama algebra with Kupisch series [5, 6] .
Here is a natural characterisation of nearly Gorenstein algebras that does not mention Gorenstein projective modules: Proposition 3.3. An algebra A is nearly Gorenstein iff there is an equivalence of categories induced by the Auslander-Reiten translate:
is an equivalence with inverse τ −1 . Assume first that A is nearly Gorenstein. Then ⊥ A = Gp(A) and D(A) ⊥ = Gi(A) and the result follows since τ (X) is Gorenstein injective, if X is Gorenstein projective and vice versa by 2.15 . Thus τ restricts to an equivalence:
follows dually, and thus A is nearly Gorenstein.
Lemma 3.4. Let A be an algebra of dominant dimension d ≥ 1. Then the following holds:
op denotes the subcategory of mod-A op of all left modules of dominant dimension at least d.
Proof. Gp(A) ⊆
⊥ A holds by definition of Gorenstein projective modules. Now
where the last inclusion holds because the i-torsionless modules coincide with the modules of dominant dimension at least i for i ≤ d by 2.4.
The following theorem provides alot of examples of nearly Gorenstein algebras that are in general not Gorenstein:
Theorem 3.5.
(1 ⊥ is representation-finite is dual. (3) The argument is similar to the argument in (1). Recall that A is torsionless-finite iff A op is torsionless finite (see [Rin3] ). Thus, by using duality, it suffices to show (4) Note that rad 2 (A) = 0 implies that A is torsionless-finite and thus nearly Gorenstein. Assume now that A is not selfinjective and has infinite global dimension (the result is clear in case of finite global dimension). By [Che] Theorem 2.3.9., the algebra is CM-free and thus not Gorenstein. Because it is nearly Gorenstein, this forces that ⊥ A = Gp(A) coincides with the category of all finitely generated projective modules.
Since our main concern will be Gorenstein homological algebra of gendo-symmetric algebras in the next section, we give here a concrete example of a gendo-symmetric nearly Gorenstein algebra that is not Gorenstein. Here we use 2.7.
Example 3.6. We choose A to be the symmetric CNakayama algebra with Loewy length 7 and 3 simple modules and we set M = e 0 J 2 . The algebra B := End A (W ), with W := A ⊕ M , is nearly Gorenstein by (2) of the previous theorem. It is easy to see that Ext 1 (M, M ) = 0, but Ext 2 (M, M ) = 0 and so domdim(B)= 3. τ 2 (M ) = τ (Ω 1 (M )) = τ (e 2 J 5 ) = e 0 J 5 and thus we have to calculate the right Wresolution dimension of e 0 J 5 . First one calculates the start of this W -resolution and the first kernel. Note first that because of Ext 1 A (e 0 J 2 , e 0 J 2 ) = 0, the subcategory X := add(A ⊕ e 0 J 2 ) is extension-closed. Then by Wakamatsus lemma (see [EJ] Chapter 7.2), a map f : A → B is an X−approximation iff A ∈ X and Ext 1 (L, ker(f )) = 0 for every L ∈ X. The minimal add(W )-cover π of e 0 J 5 looks as follows:
e 0 J 2 ∼ = e 0 A/e 0 J 5 and e 0 J 5 ∼ = e 2 A/e 2 J 2 and π is the surjective map which is left multiplication by the unique arrow of length 1 from e 2 to e 0 . Now we calculate a minimal W -Cover π 2 of the kernel e 0 J 4 . We have 0 → e 0 J 4 ⊕ e 1 J → e 1 A ⊕ e 0 J 2 π2 → e 0 J 4 → 0.
Note that e 0 J 4 ∼ = e 1 A/e 1 J 3 and π 2 = (f, g), where, f : e 1 A → e 0 J 4 is the projective Cover of e 0 J 4 and g : e 0 A/e 0 J 4 → e 0 J 4 is left multiplication by the unique arrow of length 2 from e 1 to e 0 . Now it is clear that the minimal W -resolution dimension of e 0 J 5 has to be infinite, since the second kernel of the resolution has the first kernel as a direct summand. By 2.7, B is not Gorenstein.
In [Mar] , we proved that all gendo-symmetric Nakayama algebras are Gorenstein. Therefore, there are probably no much easier examples of non-Gorenstein, gendo-symmetric algebras than the previous one.
Homological conjectures for nearly Gorenstein algebras.
Recall the following famous homological conjectures for a finite dimensional algebra A (see for example [Yam] for a discussion of some of the conjectures):
(1) Strong Nakayama conjecture:
For every non-zero module M there is an i ≥ 0 with Ext The right injective dimension equals the left injective dimension of an algebra.
It is well-known and easy to see that (1) ⇒ (2) ⇒ (3).
Proposition 3.7.
(1) The strong Nakayama is true for every left nearly Gorenstein algebra and thus every nonselfinjective left nearly Gorenstein algebra has finite dominant dimension.
(2) The Gorenstein symmetry conjecture is true for left nearly Gorenstein algebras.
(1) Let M be a module with Ext i (M, A) = 0 for every i ≥ 1. Then M is Gorenstein projective, since A is left nearly Gorenstein. But then there is an embedding M → A n , for some n ≥ 1. Thus Hom(M, A) = 0. (2) If the right injective dimension of A A is zero, then A is selfinjective and being selfinjective is left-right symmetric. So assume that the right injective dimension of A A is n ≥ 1. Then for every module X : Ext n+i (X, A) = 0 for every i ≥ 1. Now for every i ≥ 1 :
But by definition of Gorenstein projective Gp(A) ⊆ Ω j (A − mod) for every j ≥ 1 and thus Ω n (A − mod) = Gp(A), which by 2.14 means that A is Gorenstein with Gorenstein dimension n and thus also has left injective dimension n.
Gorenstein dominant algebras.
Definition 3.8. We call a finite dimensional algebra A, a Gorenstein dominant algebra if it has the following properties:
• it has dominant dimension larger than or equal to 1.
• all modules in RGp(A) have dominant dimension at least 2.
First we show that interesting classes of finite dimensional algebras are Gorenstein dominant algebras.
Lemma 3.9. Let A be an algebra with dominant dimension d ≥ 1. Every Gorenstein projective module has dominant dimension at least d. Especially: A finite dimensional nonselfinjective algebra A with domdim(A) = d ≥ 2 is a Gorenstein dominant algebra and dually every Gorenstein injective module has codominant dimension at least d.
Proof. Every Gorenstein projective module is contained in Ω
i (A − mod) for an arbitrary i ≥ 1. Using
follows similarly, since the codominant dimension of A equals the dominant dimension of A.
Corollary 3.10. A Gorenstein algebra A of finite Gorenstein dimension g and dominant dimension d has the following properties:
(1) Dom g ⊆ Gp(A).
(2) A has finite finitistic dominant dimension, in case A is also CM-finite.
(1) Assume X ∈ Dom g . Then there is the following beginning of a minimal injective resolution of X:
This exact sequence is also a minimal projective resolution of Ω −g (X), since X has dominant dimension at least g. Thus Ω g (Ω −g (X)) = X and so X ∈ Ω g (A − mod) is Gorenstein projective, by 2.13. (2) Since A is CM-finite, Dom g is representation-finite by 1., since it is a subcategory of the representation finite category Gp(A). Thus there are only finitely many indecomposable modules having dominant dimension larger than or equal to g and so the finitistic dominant dimension must be finite.
We note that in the next section, we give an optimal bound for the finitistic dominant dimension in case of a CM-finite gendo-symmetric Gorenstein algebra. We give two applications of the previous lemma to gendo-d-Gorenstein algebras and the representation dimension of algebras.
Proposition 3.11. Let A have dominant dimension at least 2 and minimal faithful injective-projective module eA and let B = B 2 as in the preliminaries. Define C := End A (A ⊕ G), where G is a Gorenstein projective module. Let M := F 2 (A ⊕ G), with F 2 as in 2.2. Then C has dominant dimension equal to inf{i ≥ 1|Ext
Proof. There is the equivalence F 2 : Dom 2 → mod−B, which restricts to an equivalence F 2 : Gp(A) → X, for a subcategory X of mod − B. F 2 induces an isomorphism of the algebras C and End B (M ) and then one can apply Mueller's theorem to calculate the dominant dimension of C.
Note that the previous proposition applies to gendo-d-Gorenstein algebras. We give an interesting special case as a corollary, which allows one to find endomorphism algebras of a generator-cogenerator of finite global dimension for a given algebra, when one is able to find endomorphism rings of a generatorcogenerator which are CM-finite and Gorenstein.
Corollary 3.12. Let A = End B (N ) have dominant dimension at least 2 and Gorenstein dimension d ≥ 2 and minimal faithful injective-projective module eA. Assume also that A is CM-finite. Let C := End A (G) be the gendo-d-Gorenstein algebra such that G is the direct sum of all Gorenstein projective modules (C is then the so called Cohen-Macauley Auslander algebra, see for examples). Then C has finite global dimension equal to the Gorenstein dimension of A and is isomorphic to an algebra of the form End B (M ), where M is a generator-cogenerator.
Proof. The only missing part is that the global dimension of C is equal to the Gorenstein dimension of A. This is proven in Corollary 6.8. of [Bel] .
For the next proposition we recall that the representation dimension of an algebra A is defined as Repdim(A) := inf{gldim(End A (M )|M is a generator-cogenerator of mod − A}. Iyama proved in [Iya2] that the representation dimension is always finite.
Proposition 3.13. Repdim(A) = inf{Gordim(End A (M ))|M is a generator-cogenerator and End
Proof. First note that inf{Gordim(End A (M ))|M is a generator-cogenerator and End A (M ) is CM-finite} ≤ Repdim(A), since the set {M |M is a generator-cogenerator and End A (M ) is CM-finite } contains the set {M |M is a generator-cogenerator of mod − A such that End A (M ) has finite global dimension }. Now assume that the infimum in inf{Gordim(End A (M ))|M is a generator-cogenerator and End A (M ) is CM-finite } is attained at the module N . Let T := End A (N ) and C := End T (T ⊕ G), where G is the direct sum of all nonprojective Gorenstein projective modules of mod − T . By the previous corollary the Gorenstein dimension of T coincides with the global dimension of C and C is isomorphic to End A (L) for some generator-cogenerator L of mod − A. Thus the result follows.
The following proposition characterises when the category of Gorenstein projective modules coincides with the category of modules of dominant dimension d, for an algebra with dominant dimension d ≥ 1.
Proposition 3.14. Let A be an algebra with dominant dimension d ≥ 1. Then the following two statements are equivalent:
(1) Gp(A) = Dom d .
(2) A is Gorenstein with Gorenstein dimension d. We note that in [Mar] the gendo-symmetric Nakayama algebras with dominant dimension equal to the Gorenstein dimension are classified. With the previous proposition, we are also able to give a very short proof of the higher Auslander correspondence (see [Iya3] Theorem 2.6) and add another equivalent condition. Surprisingly there are also many examples of algebras that are Gorenstein dominant algebras and with dominant dimension 1. In fact every Nakayama algebra is a Gorenstein dominant algebra, despite the fact that many Nakayama algebras have dominant dimension equal to one. Note that Nakayama algebras with a line as a quiver are trivially Gorenstein dominant algebras, since RGp(A) consists only of the zero module.
Proof. First assume that
Theorem 3.16. Let A be a nonselfinjective CNakayama algebra.
(1) If a vertex i is cyclically black, then D(Ae i−1 ) is a projective module.
(2) The Gorenstein core of A is a subcategory of Dom 2 and thus A is a Gorenstein dominant algebra.
(1) Since every Nakayama algebra has dominant dimension at least 1, the minimal injective hull of a projective module e i A in the Gorenstein core looks as follows: 0 → e i A → D(Ae i+ci−1 ), where D(Ae i+ci−1 ) is projective and injective. By the definition of cyclically black vertices, with the vertex i also the vertex l := i + c i is cyclically black and every cyclically black vertex can be written in the form j +c j , where j is another cyclically black vertex. Thus for every cyclically black vertex i, the module D(Ae i−1 ) is projective. (2) A minimal injective corepresentation of an arbitrary indecomposable module M = e i A/e i J k in the Gorenstein core looks as follows:
Note that a minimal projective presentation of M is given by:
But by 2.12 i and i + k are cyclically black vertices and thus by the previous part D(Ae i+k−1 ) and D(A i−1 ) are projective. Since the dominant dimension of a finite direct sum of modules is the minimal dominant dimension of the direct summands, we see now that every module in the Gorenstein core has dominant dimension at least 2.
Gorenstein projective-injective modules in gendo-symmetric algebras
The next propostion will be one of our main tools in this section. We recall the following from [FanKoe2] , which gives a first clue for a connection between dominant dimensions and Gorenstein homological properties in gendo-symmetric algebras:
Proposition 4.1. Let A be a nonselfinjective gendo-symmetric algebra and M an A-module.
(1) M has dominant dimension larger than or equal to 2 iff ν −1 (M ) ∼ = M and in this case the dominant dimension of M is equal to inf{i ≥ 1|Ext i (D(A), M ) = 0}+1. (2) M has codominant dimension larger than or equal to 2 iff ν(M ) ∼ = M and in this case the codominant dimension of M is equal to inf{i ≥ 1|Ext i (M, A) = 0}+1.
(1) This is proven in [FanKoe2] in Proposition 3.3. (2) This is dual to (1).
Proposition 4.2. Let A be a finite dimensional algebra and M an A-module. The following holds:
(1) Let P 1 → P 0 → M → 0 be a minimal projective presentation of M . Then there exists an exact sequence in mod−A of the form:
Then there exists an exact sequence in mod−A of the form:
Proof. This follows from the definitions of Auslander-Reiten translates, see [SkoYam] Chapter III., Proposition 5.3.
The following proposition is inspired by [FanKoe3] Lemma 3.4.:
Proposition 4.3. Let A be a gendo-symmetric algebra and M an A-module.
(1) If M has codominant dimension larger than or equal to 2 iff
Proof. We prove only (1), since the proof of (2) is dual. Assume that M has codominant dimension larger than or equal to 2. Assume that P 1 → P 0 → M → 0 is the minimal projective presentation of M . Then by the previous proposition, there is the following exact sequence:
But since P 1 , P 0 are also injective and thus have codominant dimension larger than or equal to 2: ν(P 1 ) ∼ = P 1 and ν(P 0 ) ∼ = P 0 . As M also has codominant dimension larger than or equal to 2: ν(M ) ∼ = M and the exact sequence looks like the beginning of a minimal projective resolution of M :
. Then look at the minimal projective presentation P 1 → P 0 → M → 0 of M and by the previous proposition we get a minimal injective coresolution of τ (M ) as follows.
has dominant dimension at least two and thus in the above minimal injective coresolution ν(P 1 ) and ν(P 0 ) are projective-injective, which implies that P 0 and P 1 are also projective-injective, since in a gendo-symmetric algebra a module P is projective-injective iff P ∈ add(eA). Thus M has codominant dimension at least two.
The following gives the first link between dominant dimensions of modules and Gorenstein homological algebra:
Theorem 4.4. Let A be a gendo-symmetric algebra and M an A-module. Then the following are equivalent:
(1) M is Gorenstein projective-injective. (2) M has infinite dominant dimension and infinite codominant dimension.
Proof. (1) → (2): A projective module is projective-injective iff it is a Gorenstein projective-injective module. Assume now that M is Gorenstein projective-injective and not projective. We conclude using 3.9 that M has dominant dimension and codominant dimension larger than or equal to 2, since A has dominant dimension at least 2 and thus is a Gorenstein dominant algebra. Since M is Gorenstein injective, Ext i (D(A), M ) = 0 for all i ≥ 1 and thus M has infinite dominant dimension by 4.1. Since M is Gorenstein projective Ext i (M, A) = 0 for all i ≥ 1 and thus M has infinite codominant dimension again by 4.1.
(2) → (1): Assume now that M has infinite dominant and infinite codominant dimension. Clearly then also all the modules Ω i (M ) have infinite dominant and codominant dimensions for every i ∈ Z. Then ν −1 (M ) ∼ = M , since the dominant dimension of M is larger than or equal 2. And dually ν(M ) ∼ = M , since the codominant dimension of M is larger than or equal to 2. Since M has infinite codominant dimension, we get Ext i (M, A) = 0 for all i ≥ 1 and with the previous lemma the following holds:
, Ω 2 (M ))) = 0 for all i ≥ 1, since with M also Ω 2 (M ) has infinite dominant dimension. Thus M is Gorenstein projective. Since M has infinite dominant dimension, Ext i (D(A), M ) = 0 for all i ≥ 1 and by the previous lemma the following holds:
Corollary 4.5. Let A be a gendo-symmetric nonselfinjective algebra. Proof.
(1) Assume that M is a nonprojective Gorenstein projective-injective module. With M being Gorenstein projective-injective also τ (M ) ∼ = Ω 2 (M ) and τ −1 (M ) ∼ = Ω −2 (M ) are Gorenstein projective-injective, since being Gorenstein projective-injective is equivalent to having infinite dominant and infinite codominant dimension. In a Auslander-Reiten sequence:0 → τ (M ) → S → M → 0, also S is Gorenstein projective-injective, since with M and τ (M ) ∼ = Ω 2 (M ) also the middle term S has infinite dominant and codominant dimension by the Horseshoe lemma. Thus every module in the Auslander-Reiten component containing M is a Gorenstein projectiveinjective module. (2) Assume that A is CM-finite and contains a nonprojective module M that is Gorenstein projectiveinjective. Then A contains a whole Auslander-Reiten component of modules that are Gorenstein projective-injective by 1. Then there are 2 possible cases: (a) The Auslander-Reiten component is infinite. But then A is not CM-finite. This is a contradiction. (b) The Auslander-Reiten component is finite. Then A is representation finite and thus the Nakayama conjecture holds true for A. But by 1., every module in the Auslander-Reiten component has infinite dominant and codominant dimension despite that fact that the dominant dimension of A is finite. This is a contradiction.
We have the following diagram for gendo-symmetric algebras, where we use the notations as in 2.2 and W := {X ∈ ⊥ Ae ∩ Ae ⊥ |G 1 (X) ∼ = G 2 (X)} (we will see later that W can be desribed much better in case the algebra is nearly Gorenstein):
Using this diagram, we can prove the next theorem:
Theorem 4.6. Let A be a gendo-symmetric nonselfinjective algebra with minimal faithful projectiveinjective module eA. Then (−)e : Gpi(A) → W is an equivalence.
Proof. Recall that F i is an equivalence with quasi-inverse G i as explained in 2.2 for i = 1, 2. This makes it clear that (−)e really maps Gpi(A) to W. Since (−)e is fully faithful on Dom, also the restiction to Gpi(A) is fully faithful. Now let X ∈ W, then just note that (G i (X))e ∼ = F i (G i (X)) ∼ = X for i = 1, 2 and thus (−)e is dense.
Theorem 4.7. Let A be a nonselfinjective gendo-symmetric algebra, which additionally is a nearly Gorenstein algebra.
(1) The following are equivalent for a noninjective and nonprojective indecomposable module M : i) M has infinite dominant dimension. ii) M is Gorenstein projective-injective and
(2) If A is CM-finite and Gorenstein with Gorenstein dimension g, then every noninjective module has finite dominant dimension and f domdim(A) ≤ g + 1.
(1) i) → ii): Assume M has infinite dominant dimension. Since A is a gendo-symmetric algebra, this is equivalent to the two conditions ν
Since we assume that the subcategory of Gorenstein-injective modules coincides with D(A) ⊥ , M is Gorenstein-injective. Now by 2.13 (1), if a module X is Gorenstein-injective, then Hom A (D(A), X) is Gorenstein-projective. Using this with X = M , we get that
Since A is gendo-symmetric and nearly Gorenstein, A is also Gorenstein dominant and thus all Gorenstein projective modules have dominant dimension at least 2. But in a gendosymmetric algebra this is equivalent to ν −1 (M ) ∼ = M . iv) ↔ iii): Now codomdim(M )=∞ is equivalent to domdim(D(M ))=∞ and using the equivalence of i) and ii), this is equivalent to ν The next example shows that the bound for the finitistic dominant dimension in the previous theorem is optimal:
Example 4.8. Let A be the so called penny-farthing algebra (see [GR] ) with two simple modules given by quiver and relations as follows:
The relations are: I =< α 2 − β 1 β 2 , β 2 β 1 > . Thus A = kQ/I and A is a symmetric algebra. Let S i (e i ) be the simple module (primitive idempotent) corresponding to the vertex i and J the radical of A. We show that the algebra B := End A (A ⊕ S 2 ) has dominant dimension and Gorenstein dimension equal to 3 and finitistic dominant dimension equal to 4. Note that B is a CM-finite nearly Gorenstein algebra using 3.5 (2), since the penny-farthing algebra is representation-finite. By explicitly giving the relevant minimal projective resolutions (see below) and using 2.9, we will show that Ext 1 (S 2 , S 2 ) = 0 but Ext 2 (S 2 , S 2 ) = 0 and Ext i (S 2 , e 2 J 2 ) = 0 for i = 1 and i = 2, but Ext 3 (S 2 , e 2 J 2 ) = 0. Thus the gendo-symmetric algebra B has dominant dimension 3 and the module Hom A (A ⊕ S 2 , e 2 J 2 ) has dominant dimension 4 by 2.2 and 2.9. Because of τ (Ω 1 (S 2 )) = Ω 3 (S 2 ) = S 2 , one also conlcudes that B has Gorenstein dimension 3 using 2.7 . The relevant minimal projetive resolutions of S 2 and e 2 J 2 needed to proof the above statements are (note that both modules have period 3 and thus one can read off minimal projective and minimal injective resolutions):
αA`C orollary 4.9. Let A be a gendo-symmetric and nearly Gorenstein algebra with minimal faithful injective-projective module eA. Then the functor (−)e : Gpi(A) → eA ⊥ is an equivalence of categories and eA
Proof. This follows from 4.6 and 4.7.
Proposition 4.10. Assume that A is a symmetric algebra and M a generator of A-mod and let B := End A (M ). Assume that there is an equivalence H :
there is an equivalence of categories G 1 HF 2 : Dom → Codom with inverse G 2 HF 1 : Codom → Dom.
Proof. This follows with the diagram 1, using M ∼ = D(eA) ∼ = Ae as eAe-modules.
We will see in forthcoming work (see [ChMar2] ) that the finitistic dominant dimension of representation-finite, gendo-symmetric and special biserial algebras (which are Gorenstein and generalize the class of Brauer tree algebras, see [ChMar1] ) always equals g or g + 1, when g is the Gorenstein dimension of such an algebra. In particular, there we show that gendo-symmetric Nakayama algebras always have finitistic dominant dimension equal to their Gorenstein dimension.
The following proposition allows us to check whether a module is Gorenstein projective-injective by calculating only finitely many terms in a projective or injective minmal resolution of this module.
Proposition 4.11. Let A be a gendo-symmetric nonselfinjective algebra of Gorenstein dimension g. Then for a module M the following are equivalent:
(1) M is Gorenstein projective-injective.
10.7 in page 417 of [SkoYam] . There M (a, b) is defined as the module A/(ax + by)A, for a, b nonzero elements of k.
(note this holds despite the fact that they excluded λ = 1 in [SkoYam] ). But M (−a, b) = M (a, b) since we assume that the field has characteristic 2 and thus M (a, b) is 1 periodic and we can apply the previous proposition. We now want to calculate We note that most of the previous results are special to gendo-symmetric algebras as the following example shows:
Example 4.15. Take the CNakayama algebra A with Kupisch series (3s+1, 3s+2, 3s+2), s ≥ 1 (A is not gendo-symmetric). We first calculate the Gorenstein dimension and dominant dimension of A and then the finitistic dominant dimension of A. . Thus M has dominant dimension larger than or equal to 2 iff a + k − 1 ∈ {0, 2} mod 3 and a − 1 ∈ {0, 2} mod 3 iff (a = 0 mod 3 and k ∈ {0, 1} mod 3) or (a = 1 mod 3 and k ∈ {0, 2} mod 3). The following table gives the relevant values of the dominant dimensions: a= 0 1 k ≡ 0 4 2 k ≡ 1 2 -k ≡ 2 -2 Thus the finitistic dominant dimension equals 4, while the finitistic dimension equals the Gorenstein dimension which is 2 (note that by 4.7 , this can not happen for gendo-symmetic CM-finite Gorenstein algebras). The resolution quiver looks as follows:
Thus the Gorenstein-projective modules have the form e i A/e i J k , with i ∈ {0, 1} and i + k ∈ {0, 1}. Note that in general a module M is Gorenstein-injective iff τ −1 (M ) is Gorenstein-projective. So e j A/e j J l is Gorenstein-injective iff e j−1 A/e j−1 J l is Gorenstein-projective iff j − 1 ∈ {0, 1} and j − 1 + l ∈ {0, 1} iff j ∈ {1, 2} and j + l ∈ {1, 2}. Thus the modules of the form e 1 A/e 1 J k with k ≡ 0 are exactly the Gorenstein projective-injective modules but those modules have dominant dimensions equal to 2. There is also no Auslander-Reiten component consisting only of Gorenstein projective-injective modules.
Questions and comments
(1) Is every left nearly Gorenstein algebra also right nearly Gorenstein?
(2) Is there a natural construction of (gendo-symmetric) algebras with dominant dimension at least two that are not nearly Gorenstein? Since we proved that the Nakayama conjecture holds for nearly Gorenstein algebras, it is a natural question to search for algebras with dominant dimension at least two and not being nearly Gorenstein. Algebras not being nearly Gorenstein seem to have been found first in [JS] , but those algebras are local algebras having dominant dimension 0. Thus, when one attempts to disprove the Nakayama conjecture (or the Tachikawa conjecture for symmetric algebras), one first has to find (gendo-symmetric) algebras which are not nearly Gorenstein. This questions seems to be highly non-trivial concerning the fact that only after about 40 years after the definition of Gorenstein projective modules, a first counterexample of a non-nearly Gorenstein algebra appeared in [JS] for finite dimensional algebras. (3) How do the Auslander-Reiten components of Gorenstein projective-injective modules look like?
Can they be classified? (4) Is there an example of a gendo-symmetric algebra with infinite finistic dominant dimension? Is the finitistic dominant dimension somehow related to the classical finitistic dimension for general algebras (for example by some inequalities)? Note that in case of gendo-symmetric CM-finite Gorenstein algebras of Gorenstein dimension g, there is a positive answer by Theorem B from the introduction since the finitistic dimension coincides with the Gorenstein dimension in case the Gorenstein dimension is finite.
